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Abstract-An anisothermal elastoviscoplastic three-dimensional model is proposed in order to
predict the response of brake discs used in the French T.G,V, (high speed train). The brake disc is
subjected simultaneously to mechanical and thermal cyclic loadings by the application of brake
pads to the friction surface, This anisothermallaw is based on the internal thermodynamic variables
and takes into account the non-linear kinematic hardening, isotropic hardening (to describe cyclic
softening) and plastic strain memory effect, Cyclic viscoplastic behavior under in-phase changes of
temperature and strain is analysed by using this elaborate anisothermal model with its material
constants determined from isothermal experiments. Good agreement is obtained between the pre­
dictions and experiments. © 1997 Published by Elsevier Science Ltd,

I. INTRODUCTION

The modern methods for life prediction in structures need an inelastic analysis, which leads
to large computing times, especially under cyclic loading. This is the case for many structures
like the brake disc of the high speed train which is submitted simultaneously to mechanical
and thermal cyclic loading due to the application of the brake pads to the friction surface.
This structure is machined from a cast or wrought steel. The brake pads are of an organic
material. The brake pads produce a heat flux which is assumed uniform on the friction
surface of the disc.

Experimental studies of the steel used in the brake disc, reveal a very complex behavior
under cyclic and monotonic loading. In addition to the classical Bauschinger effect and
cyclic softening, a memory effect of the plastic strain is observed. The present work uses a
set of constitutive equations developed to describe as correctly as possible the main exper­
imental results obtained under cyclic loading conditions at varying temperatures.

The constitutive equations, developed at O.N.E.R.A. (Chaboche, 1989), use a
decomposition of hardening into kinematic and isotropic parts, each obeying respective
differential equations, The kinematic hardening is introduced in a non-linear form. For the
determination of the set of constitutive equation parameters, an optimization software
developed by O.N.E.R.A. (Chaboche, 1991) was used.

2, CONSTITUTIVE EQUATIONS

The constitutive equations governing the elastoviscoplastic behavior of complex struc­
tures under thermomechanical loading, must take into account complex phenomena such
as viscoplasticity, cyclic softening or hardening, relaxation and strain memory effect. These
phenomena have been studied by many scientists especially in the recent years (Chaboche,
1978; Nouailhas, 1989; Kawai, 1987; Krempl, 1984; Marquis, 1987; Nouailhas, 1987;
Tanaka, 1987).
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The model was proposed by Chaboche (1989) and is based on the internal stress
concept using a set of internal variables. The general expression of this model is as follows.

(a) Partition ofstrain

(1)

where Il is the total strain tensor, Ile is the elastic strain tensor and IIp is the viscoplastic strain
tensor.

(b) Anisothermal elastic law

(2)

where E(T) is the elastic modulus, v is the Poisson ratio, a(T) is the thermal expansion
coefficient, To is the reference temperature in °C, (1 is the stress tensor, I denotes the unit
tensor and Tr«(1) = O"kk in the Cartesian component notation.

(c) Viscoplastic strain rate

(3)

The brackets are defined by <w) = wHew). H<w) is the Heaviside function (H(w) =,0 if
w < 0, H(w) = I if w ~ 0) and n is the viscoplastic potential. J«(1-X) is defined by Von­
Mises criterion:

[
3 Jl/2

J«(1-X) = 2«(1'-X') :«(1'-X') (4)

where (1' and x' are, respectively, the deviatoric part of the stress tensor (1 and of the
kinematic hardening tensor X, k* is a material parameter (temperature dependent) cor­
responding to the initial size of the elastic domain. K* is the viscoplastic resistance, n* is
the rate sensitivity coefficient and R is the isotropic internal stress or the drag stress.

Assuming viscoplastic incompressibility, we suppose the presence of an elastic domain
in the stress space. Its evolution is described by:

f= J«(1-X)-R-k* ~ O. (5)

(d) The non-linear kinematic hardening
Widely used in France (Chaboche, 1977; Marquis, 1979), these kinematic equations

were initially introduced by Armstrong and Frederick (1966). Non-linearities are given as
a back stress term in the Prager's rule:

(6)

X is the kinematic internal stress tensor or back stress tensor, c* is the kinematic parameter
of the hardening and a* is the stress saturation of the non-linear kinematic model. In
practise, we use many kinematic variables (Chaboche and Rousselier, 1983). For our study
we have chosen two variables:
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(i=I,2).
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(7)

(e) Plastic strain range memorization and isotropic hardening
That internal variables keep a memory of the prior maximum plastic strain range was

proposed by Chaboche et al. (1979). The general formulation consists of introducing a
non-hardening surface in the plastic strain space. The evolution of this surface is described
by:

(8)

where q and ~ are, respectively, the radius and the center of this surface. Note that evolution
of the non-hardening domain is allowed only when F = o.

The selected evolution rule for q and ~ is defined by:

f3 q' -X'
q = I]*H(F)<o:ol)jJ;o = './2 J(q-X)

(9)

In eqn (9) 0 and 0 1 are, respectively, the unit normals to the yield surface (f = 0) and to
the memory surface (F = 0) and 1]* is a memory plastic strain parameter, introduced by
Ohno (1982) in order to allow a progressive memorization.

The isotropic hardening corresponds to slow changes during plastic flow. Its main role
is to describe the cyclic softening. The simple isotropic rule can be written as:

dR = b*(Q* - R)P with R(O) = 0 (10)

where b* and Q* are two additional parameters. Q* is the value of R at stabilization state
and b* is associated with the saturation rate of this variable R.

For a better description of the cyclic softening observed in the experimental tests, two
isotropic variables are introduced; one annoted R2 for the fast decrease of stress in the first
cycles, another variables annoted R) describing the slow evolution of stress during cycling
until steady-state is reached. The variables R 1 and R2 are defined by:

(11)

In eqn (II), Qst* represents the value of R2 in the stabilized state and bst* represents the
stabilization curve steepness for the isotropic hardening R2•

The strain memory effect has been introduced by means of an additional internal
variable which keeps a memory of the largest plastic strain range. The asymptotic isotropic
state Q in eqn (II) will, therefore, be:

Q= 2m*(Q~ - Q)q (12)

q is the internal variable corresponding to the radius of the memory surface F (see eqn (8)).
Under tensile--eompressive cycling, q = (ABpmax)/2, being the maximum plastic strain

range. Q~ and m* are material and temperature dependent parameters. Relation (12) is
integrated and the saturation value of the hardening variable R) becomes:
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(13)

The use of this model (eqns (1)-(13)) needs the determination of the parameters n*, k*,
K*, at, ct, aT, c~, b*, Qst*, bst*, 1]*, m* and Qtt which depend on material and temperature.
These parameters must minimize the error between experimental curves and numerical
curves deduced from the model.

3. ON THE PARAMETERS IDENTIFICATION PROCEDURE

The material used in the brake disc is the 28CrMoV5-8 steel. On the basis of exper­
imental results (Samrout, 1996), cylindrical samples were submitted to uniaxial cyclic
loadings (under tensile-compressive loadings) for several strain ranges 1% ~ ~e ~ 1.8%
at different temperatures 20GC ~ T ~ 600°C (the application of the brake pads leads to
temperatures less than 600°C).

In opposite to the three-axial loadings which are difficult to control, the uniaxial cyclic
loadings allow determining all the model parameters and are easy to achieve and to explain.

The model deduced from the uniaxial test is sufficient for a good reproduction of the
real three-dimensional behavior of the material (Chaboche, 1986; Ben Cheikh, 1987). On
the basis of the experimental results, a cyclic softening is observed.

In order to identify the set of parameters at each temperature, we had to perform:

• monotonic relaxation tests;
• cyclic tests run at several imposed strain ranges without holding time until rupture.

The AGICE program (automatic-graphic identification of constitutive equations) has a
least squares method for the optimization of different parameters using the experimental
results. Figure 1 shows the procedure used for the identification.

Table 1 gives the different parameters at 300ce. We made the same tests at 20, 200,
500 and 600°e. The unit of material parameters k*, at, a~, Qtt, Qst* is MPa, the unit of
K* is MPa.s- 1

, all others are dimensionless. For every temperature we have a set of values
for the parameters, we use the least squares method to find a function which presents the
required fit. The continuous function gives the parameter evolution vs temperature varying
between 20 and 600°e.

For example, Figs 2-3 give the functions used, respectively, for the Young modulus E
and the memory parameters m*. The Young modulus E decreases with rising temperature.
Its interpolation needs a simple exponential function (Fig. 2) in the form of:

(14)

with is = 187.3 GPa, f3 = 14.7 GPa and X= 24.1O- 4oe. The other parameter is a decreasing
and increasing function and needs a complex interpolation (Fig. 3).

4. FINITE ELEMENT SIMULATION AND VALIDATION OF THE ANISOTHERMAL
MODEL

4.1. Introduction of the obtained constitutive equations into afinite element program
This section presents simulations of cyclic behavior of 28CrMoV5-8 steel in different

strain ranges. All the parameters of this three-dimensional model were introduced into a
finite element program Castem 2000. We utilized a cylindrical sample which was submitted
to uniaxial loadings. For numerical simulations, an axisymmetric version of this sample
was used. Only one finite element was used for the simulation. This element, in the middle
of the sample, was submitted to an imposed strain. If ~(T = (Tmaxi-(Tmini, Fig. 4 gives a
comparison between experimental data and finite element modelling for the strain range
~e = 1.4% when the temperature is at 20°e.

Figure 5 gives the simulation curve for the relaxation test at the same temperature.
Figure 6 shows the stabilized curve ((T-e) for ~e = 1.4% at 20°e. In all cases, we have good
agreement between the experimental data and the finite element modelling deduced from
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Fig. I. Flow chart for the parameter identification.

Table I. Material parameters for 28CrMoV5-8 steel at 300c C

k*

201

af

272

cf

2378 276 221

b*

1.8

bst*

20

Qst*

-40 0.2

m*

338

Q~

-131

n*

17

K*

528

the proposed constitutive model. If we use only one isotropic variable (as in eqn (10)), we
cannot have a valid numerical curve (Fig. 7). A second isotropic hardening variable allows
us to improve the numerical curve, especially during the first few cycles.

4.2. Validation of the anisothermal model
A series of experimental tests under a temperature cycled between 200 and 600c C was

undertaken. We analysed the thermomechanical cyclic loadings as shown in Figs 8 and 9.
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Fig. 4. Comparison between experimental curve and finite element simulation for dE = 1.4% at
20ce.

In Fig. 8, the temperature is cycled between 200 and 600°C under conditions of de = 1.4%.
The cyclic thermal loading and applied strain are in-phase.

Figure 9 shows another test where the strain is cycled between -0.8 and 0.8% and the
first thermal cycle begins at 200°C. Figures 10 and II give a comparison between numerical
and experimental results, respectively, for the first cycle, and for the stabilized cycle when
de = 1.4%. Figures 12 and 13 give the same comparison when de = 1.6%.

The stabilization of stress occurs rapidly (after approximately 12 cycles). The intro­
duced anisothermal model leads to a good agreement between numerical results and exper­
imental behavior. In the vicinity of 200°C, we observed an increasing effect of plasticity
due to a temperature delay when decreasing the strain (the experimental temperature is not
exactly in-phase with the strain after the first cycle).
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5. CONCLUSION

This paper presents an anisothermal elastoviscoplastic three-dimensional model for
the description of behavior of a steel such as 28CrMoV5-8 used in the brake discs of a high
speed train. The emphasis is put on the incorporation of strain memory terms and the use
of two isotropic hardening variables. No mention is made of the difficulties in choosing the
initial values needed for the determination of all parameter, (see Fig. 1). The numerical
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method introduced in the software AGICE is based on an integration complex scheme for
the resolution of the implicit differential equations. The determination of the various
parameters is based on the experimental results which include some measurement errors.
There is no uniqueness of the values of material parameters. However, the obtained par­
ameters approach as well as can be expected, those in the experimental curves. These
parameters have a stationary aspect: a small perturbation does not alter the final results.

Using the parameter values obtained for each temperature, we give an anisothermal
elastoviscoplastic model within the temperature range of 20-600°C. Experimental tests
validate the proposed anisothermal model. A metallurgical analysis shows no structural
transformation in the material up to 600°C.

Under a complex and repeated loading from the pressure of the brake pads on the
friction surface, the brake disc suffers damage. In addition, we must determine the friction
effects and the exchange coefficients between the brake disc and the brake pads. Before a
good numerical modelization of the brake disc is achieved, we must therefore couple the
proposed anisothermal model with a damage law and also introduce suitable exchange
coefficients. For a complex stress analysis of the brake disc, we must also determine the
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Fig. 13. Comparison between the experimental results and numerical results during the stabilized
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anisothermal model of the brake pads which are of an organic material. Numerical bound­
ary conditions need experimental data as the measuring of the temperature on the friction
area which will be soon obtained from the test bench. This is what we shall do in our
subsequent work.
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